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Abstract. The problem of genealogy of permutations has been solved partially 
by Stefan (odd order) and Acosta-Humanez & Bernhardt (power of two). It 
is well known that Sharkovskii’s theorem shows the relationship between the 
cardinal of the set of periodic points of a continuous map, but simple per¬ 
mutations will show the behaviour of those periodic points. Recently Abdulla 
et al studied the structure of minimal 4n -|- 2-orbits of the continuous endo- 
morphisms on the real line. This paper studies some combinatorial dynamics 
structures of permutations of mixed order 4n -|- 2, describing its genealogy, 
using Pasting and Reversing. 
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Introduction 

According to the Encyclopaedia Brittanica, genealogy is “the study of family origins 
and history”. In this paper, which is an slightly improvement of Hi, we translate 
this idea to the context of combinatorial dynamics. In particular, we study how the 
concept of genealogy can be used as a way to understand forcing relations between 
periodic points. Furthermore, we translate the problems related to periodic points 
of functions to the framework of group theory too. That is, we study algebraically 
the dynamics through n-cycles and permutations, using Pasting and Reversing of 
permutations and n-cycles, according to [IIIIIH]. 
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Combinatorial Dynamics as a field appears in 1964 with the paper “Co- 
Existence of Cycles of a Continuous Mapping of a Line onto Itself’ written by 
Oleksandr Mikolaiovich Sharkovskii (see [siiin]). From this point and on, the 
study of algebraic and topological relations of continuous functions in K becomes 
important. In this context, permutations can be used to show minimal orbits, 
where a periodic orbit is called minimal if it is minimal period of the map in 
Sharkovski’s ordering. 

The structure of minimal odd orbits was characterized by Stefan in 1977, 
see [21) . To characterize the structure of general minimal orbits the notions of 
simple and strongly simple orbit was introduced and studied by Louis Block, see 
[H [13 di]. In this definition Block emphasizes in the three different kinds of 
orbits related to the three different “tails” in Sharkovskii’s order: the left tail 
which corresponds to odd order simple permutations (also known as Stefan orbits), 
the right tail which corresponds to power of two order simple permutations (due 
to Block, see 113) and the middle tail which corresponds to mixed order simple 
permutations (see also [13 [13 HI]). Moreover, Alseda et ah, see 113, and Block & 
Coppel, see m independently proved that minimal orbits are strongly simple. 

Chris Bernhardt suggested the study of predecessors and successors of a sim¬ 
ple permutation in his paper “Simple permutations with order a power of two” 
(see m) in which he describes a procedure to find the predecessor and the suc¬ 
cessor of any permutation of order a power of two by using transpositions, rising 
up a tree with this partial ordering. In the case of Stefan orbits, there exists two 
simple permutations per order and its forcing (genealogy) can be described as two 
separated lines according to the first permutation in an explicit way, while for 
other kind of simple permutation is more complicated the obtaining of an explicit 
genealogy. 

Inspired and motivated by P. Mumbru, the first author gave a new perspective 
to Bernhardt’s results, by including the operations Pasting and Reversing in order 
to obtain a recursive algorithm that produces the genealogy lines in order a power 
of two (see |3)- Thus, Pasting and Reversing becomes an important way to study 
the genealogy problem in the remaining order: Mixed Order. In this way, in 2010, 
the authors presented a first draft of an algebraic and combinatorial dynamics 
study of simple permutations with order 4n -|- 2, see [7], followed by the preprint 
[8] in 2011, in where the dynamic is not considered. Curiously, Alseda et. al. [10] 
suggest a sort of reversing in the study of some periodic orbits, which it was not 
considered here. 

Recently Abdulla et. ah, see [T], presented a simple and constructive proof 
of the results obtained by Alseda et. al. and Block & Coppel, see [13113 , on 
the structure of minimal 4n -|- 2-orbits of the continuous endomorphisms on the 
real line. They proved that there are four types of Markov graphs up to inverse 
graphs. Some of these results coincide with some results obtained previously in 
[313 through pasting and reversing techniques, obtained in an independent way. 

In this paper, inspired by mm. we improve the previous results presented 
in [313. That is, following the same spirit of mm. we will show a procedure 
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to construct simple permutations by using Pasting and Reversing, Markov graphs 
and primitive functions. We follow muniiiii for simple permutations, for instance 
strong simple periodic orbits will not be considered here. 

I. Combinatorial Dynamics 

The theoretical background of this section is based on references [giiniiiiiiiaiisi 
[niiiH]. The main topics that we need correspond to Sharkovskii’s theorem, primi¬ 
tive functions and Markov graphs. From a basic course of algebra it is well known 
that (S'„,o) denotes the group of permutations of order n, which corresponds to 
the bijective functions over finite subsets of natural numbers. We denote by Cn the 
set of n—cycles of Sn, that is, a € C„ means that cr has length n and for instance 
cr” = e and ^ e, being 0 < k < n. A partition of the interval J = [xi, a;„] in 

n — 1 closed subintervals will be defined as 

Pn = {xi,Xi+i € J : Xi < Xi+i,yi = 1,... ,n - 1} 
and the closed subintervals associated to this partition are denoted by 

Jfc := [xk,Xk+i], l<k<n-l. 

In particular, if Vfc S Z+,a;fc = k, then we say that is the natural partition of 

J. Thus, we arrive to the following definition. 

Definition 1.1. Consider m,n,i G Z+ ,J = {xGZ:1<x< mn}. The i—th 
natural partition of J of size n is given by 

P(nin, m, i) := {x G Z : {i — l)n < x < in, i < m} . 

Theorem 1.2 (Sharkovskii’s Theorem, [IH])- Let f be a continuous map from the 
real line to itself and let <1 be the ordering of the positive integers 

3<5<7<---<3-2<5-2<---<3-22<5-22<-.-<23<22<2<1. (1.1) 

If f has a periodic point of period n and n satisfies n <\m, then f has a periodic 
point of period m. 

The main result of Sharkovskii relates a new order of the natural numbers 
and the existence of cycles (periodic points). He defined a new order for the set 
of natural numbers as follows: ni precedes n 2 (ni <1 712 ) if for all continuous map 
of the line into itself the existence of a cycle of order ni implies the existence of 
a cycle of order 712 . We recall that by minimal orbit we mean the periodic orbit 
which is minimal period of the map in Sharkovski’s ordering The following 

definitions are adapted from El- 

Definition 1.3. A permutation 6 belongs to the set of permutations of f (named 
Perm{f)) if and only if there exists a partition Pk such that f(xi) = xg^,(i), for 
all Xi G Pk- It means, 

Perm{f) = {9k G Sk : 3Pk A f{xi) = xe,^(^i),\/xi G Pk} 
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In order to set a relation between permutations and Sharkovskii’s Theorem, 
it is necessary to define a relation between permutations of different orders, which 
is known as forcing, see [S] . 

Definition 1.4. Let 9 and rj be permutations and consider the sets 
Fe := {f :0 e Perm{f)}, := {f : rj G Perm{f)}. 

We say that 9 dominates to rj, denoted by 9 <]rj, whether Fg C 

Without loss of generality, we can consider linear piece-wise differentiable 
functions defined on K (/ is continuous on R), due to the dynamics only requires 
the study of periodic points. 

Definition 1.5. Consider a partition and a permutation 9 G Sn- A function 
associated to 9 is a linear piece-wise differentiable function f satisfying 


xg. 

if 

X < Xi 

mix -b bi 

if 

Xi < X < X2 

mn-2X -b bn-2 

if 

Xn-2 < X < Xn 

mn-lX -b bn-l 

if 

Xn-1 < X < X, 


if 

X > Xn 


where 

~ Xe(k) 7 11 

Wfc = , bk = Xgtk) - rrikXk, k=l,...,n-l. 

Xk+l - Xk 

We say that f is the primitive function of 9 whether Pn is the natural partition 
Pn = {l,...,n}. 

From now on, we work with primitive functions of permutations belonging to Cn- 

Definition 1.6. Consider a partition Pn and 9 G Perm{f). The Markov graph 
associated to f and 9 is a directed graph with n — 1 vertices Ji, J 2 , ■ ■ ■, Jn-i such 
that an arrow is drawn from Jk to Ji if and only if f{Jk) 2 Ji- The Markov graph 
associated to 9 and its primitive function will be called the Markov graph of 9. 

Markov graphs of 9 are also known as A-graphs, see pumni among others. 
Recently Abdulla et. ah, see [1], introduced Markov graphs with red edges that they 
called digraphs, which will not be considered in this work, digraphs have the strong 
condition that an arrow is traced from Ji to Jk whether Jk is the only interval 
contained in J;. Markov graphs are useful to study the dynamics of a function due 
to we can see periodic points whether /"(Jfc) D Jfcj i-e., departing from Jk there 
are n arrows to come back to Jk- Sharkovskii’s Theorem gives information about 
the existence of periodic points. If we know the order of the period, then Markov 
graph of 9 allow us to find information about the structure of those periods. 
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The following examples will illustrate the previous definitions. 
Example. Consider the permutation 


e = 


1 2 3 4 \ 

2 3 4 1 • 


The primitive function / associated to 6 is: 


f{x) = < 


2 if 

X -\-l if 

13 — 3x if 
1 */ 


a; < 1 
1 < a; < 3 
3 < a; < 4 
a; > 4 



Figure 1. Primitive Function, Example 1 

The intervals used to construct the Markov graph related to / and 9 in 
Example 1 are Ji = [1,2], J 2 = [2,3], J 3 = [3,4]. We can notice that /(Ji) 3 J 2 , 
fi'h) = and /(J 3 ) = Ji U J 2 U J 3 . 

According to Sharkovskii’s Theorem the existence of a periodic point of order 4 
implies the existence of periodic points of order 2 and 1. However, Markov graphs 
allow us to find a periodic points of order 3. 
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Figure 2. Markov Graph, Example 1 


Example. Consider the permutation 


/123456\ 

\ 6 4 5 1 2 S ) ' 

The primitive function / associated to 6 is: 


6 

if 

X < 1 

—2x -|- 8 

if 

1 < X < 

X “h 2 

if 

2 < X < 


f{x) = < 


2 

3 


—4a; + 17 if 3 < a; < 4 
a; — 3 if 4<a;<6 


3 if X > 6 

The intervals used to construct the Markov graph related to / and 9 in 
Example 2 are Ji = [1,2], J 2 = [2,3], J 3 = [3,4], J 4 = [4,5], J 5 = [5,6], We 
can notice that /(J2) = ^4, /(J4) = Ji, f{Jb) = J2, fiJi) 2 Ji, fiJi) 2 J5, 
fiJs) 2 Ji, fiJs) 2 J2, /(J3) 2 J3 and /(J3) 3 Ji- 


The following results due to Bernhardt, El, are derived from Definition 


Lemma 1.7. Consider 9 € C„, t] S Cm, d rj. Let f be the primitive function of 
9. If r] & Perm{f), then the Markov graph of 9 has a non-repetitive loop of length 
m corresponding to rj. 


Lemma 1.8. Consider 9 S Cn, p S Cm, 0 9■ The Markov graph of 9 has a 

non-repetitive loop of length m corresponding to rj if and only if 9 <\r]. 


Lemmas 1.7 and |1.8| lead to the following result, see [In- 


Theorem 1.9 (Sharkovskii’s Extended Theorem, [H]). If 9 G Cn, then for any 
integer m satisfying n <im there exists rj G Cm such that 9 <irj. 


Following [nnndiiig we give the following definition. 
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Figure 3. Primitive Function, Example 2 



Definition 1 . 10 . A permutation is considered simple whether it satisfies one of the 
following conditions according to its order 

1. Odd order. Consider n S Z"*" The permutation 9 G C 2 n+i simple whether 
6 G {a 2 n+i,/ 32 n+i}, where 

a 2 n+i = (1, 2n + 1, n + 1, n, n + 2, n — 1, n + 3,..., 2, 2n) 

_ f 1 2 ... n n+ln + 2 ... 2 n 2 n + l\ 

\^ 2 n + l 2n ... n + 2 n n — 1 ... 1 n + 1 J 

and 

/ 32 n+i = (1, n + 1, n + 2, n, n + 3,n — 1,..., 2, 2n + 1) 

/ 1 2 ... n n + 1 n + 2 ... 2 n 2 n+l\ 

yn+l 2n + l ... n + 3 n + 2 n ... 2 1 J 
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2. (Order a power of two) A permutation 9 G C2" is simple whether it satisfies 
the following two conditions 

(a) 6»2"[P(2",2Ai)] = P(2”,2^i) 

(b) 6»2"[P(2",2'=+i,j)]nP(2”,2'=+i,j) =0 

3. (Mixed order {2k + 1)2^) A permutation 9 G C\ 2 k+i) 2 =, where k > 1 and 
s > 1, is simple whether it satisfies the following two conditions: 

(a) 9 [P {{2k + 1)2^, 2^, j)] = P {{2k + 1)2®, 2®, cr (j)), where a G € 2 = is sim¬ 
ple; 

(b) 9^ restricted to eaeh P ((2fc + 1)2®, 2®, j) is simple for all j, that is, 
the set 9^ (P ((2fc + 1)2®, 2®, j)) = P ((2fc + 1)2®, 2®, j) induces a simple 
permutation for all j. 

The set of simple permutations belonging to Ck is denoted by Sim{k). 

The following examples show some permutations corresponding to the previ¬ 
ous definition. 


Example. The permutations 

_/l 2345\ /1 2345\ 

1^54213/’^® 1^35421/ 

are the simple permutation of order 5 (Stefan orbits of order 5), that is, Sim{5) = 
{ 0 : 5 , Pd}- 


Example. The permutation 


9 = 


1 2 3 4 \ 
3 4 2 1 


is a simple permutation of order 4 because 9{1,2} = {3,4}, d{3,4} = {1,2}, 
0{1,2,3,4} = {1,2,3,4}, 9^1,2} = {1,2}, 9^3,4} = {3,4}, 0^1} = {2}, 
02{2} = {!}, 6»2{3} = {4}, 02{4} = { 3 }. That is, 9 G Sim{4). 


Example. Consider the permutation 


/ 1 2 3 4 5 6 

6 5 4 1 3 2 


Taking 


as 


we see that 


1 2 3 \ . ^ / 1 2 3 \ 

312 ^’^^ 1 ^ 231 / 



0[P(6,2,1)] = 0[{l,2,3}] = {6,5,4} = {4,5,6} = P(6,2,a(l))=P(6,2,2), 

0[P(6,2,2)] = 0[{4,5,6}] = {l,3,2} = {l,2,3} = P(6,2,a(2))=P(6,2,l). 
Due to 

2 _ / 1 2 3 4 5 6 \ 
l^231645yl’ 
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we have that 

02 [P (6,2,1)] = 02[{i^2,3}] = {2,3,1} = {1,2,3} = P(6,2,1), 

02 [P (6,2,2)] = 02 [{4,5,6}] = {6,4,5} = {4,5,6} = P (6,2,2), 

which induce the simple permutations as and /Ss. That is, 02 restricted to P (6, 2,1) 
is /Ss and 02 restricted to P (6, 2, 2) is as- 

The concept of (2k— 1)2® simple periodic orbit was refined by Block & Coppel 
in m, and adapted from [T], as follows: 

Definition 1.11. A simple (2k—1)2^-orbit of f is said to be strongly simple whether 
f maps the midpoint of every block of 2k — 1 consecutive points into another such 
midpoint, with one exception. In particular, this implies that f maps every block 
monotonically onto another block, with one exception. 

The following result was obtained independently by Alseda et. al. and Block 
& Coppel, see nnun]. 

Theorem 1.12 (Alseda et. al. - Block & Coppel, [TnHH]). Minimal (2k— 1)2® -orbit 
of f, where k > 1 and s > 1, is strongly simple unless k = 2, in which case it is 
simple. 


2. Pasting and Reversing 

Pasting and Reversing operations have been defined and applied on integer num¬ 
bers (0), rings over commutative fields (0), vector spaces and matrices (00), 
cycles and permutations (0130). A kind of reversing was mentioned by Alseda 
et. al m) to study minimal orbits. In this paper. Pasting and Reversing oper¬ 
ations will be used to describe the genealogy of simple permutations with mixed 
order 4n -|- 2 and a procedure to generate them such as were done in the case of 
simple permutations with order a power of two, see 0. 

Definition 2.1 (Pasting of Disjoint Cycles of a Permutation). Consider 9 = uv G 
Sn, being u and v disjoint cycles such that 

9 = uv = (ii,..., ik)(ik+i ,..., in), 

where ii = 1 and for j > k -\- 1, it satisfies that ik+i < ij. The Pasting of u with 
v is the n-cycle defined as follows: 

uo v = (ii, ..., ik, ik+ 1 , ■■■, in) 

Definition 2.2 (Reversing of Cycles). Consider a q-cycle of a permutation 9 G Sn 
given by u = (ii,..., iq), where ii < ij for all j > 1 and q <n. The Reversing of 
u, denoted by u, is 

u ■= (ii,ik,ik-i, ■ ■ ■, *2). 
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Recall that we write any g-cycle in the form (*i, 12 , • • • > iq) where zi < ij for 
all j > 1. Furthermore, pasting and reversing of permutations written as cycles will 
not be considered here. Pasting and Reversing of disjoint cycles of a permutation 
are considered in Definition |2.1| and Definition |2.2[ whilst Pasting and Reversing 


of permutations will be given in Definition |2.3| and Definition 2.4 


Definition 2.3 (Pastings of Permutations). Consider a G Sm, (3 G Sn- The left and 
right pastings of a with /3 are permutations in Sn+m defined as follows: 


Left Pasting of a with /3, denoted by a. \ ojd, is 


a I 0/3 := 


1 

.( 1 )- 


m m + 1 
a{m) + n /3(1) 


m + n 
I3{n) 


Right Pasting of a with ft, denoted by ao \ /3, is 
1 

a(l) . 


ao I /3 =: 


m TO + 1 
Q!(to) /3(1) + TO 


TO + n 

/3(n) + TO 


Definition 2.4 (Reversing of Permutations). Consider a G Sm- Reversing of a, 
denoted by a, is the permutation of Sm defined as 


1 2 
a(m) a(m) — 1 


TO — 1 TO 
a{2) a(l) 


The following results, which appear without proof in [2], states the properties 
as algebraic structure of Pasting and Reversing for permutations and disjoint cycles 
of permutations. Here we prove these theorems. 

Theorem 2.5 (Idempotency Laws of Reversing). Assume a G Sm, 0 G Sn such 
that u is a q-cycle of 9 given by u = (ii,. ■ ■ ,iq) , then the following hold 

1. a = a 

2. u = u 

Proof. We prove the theorem according to each item. 

1. Consider a G Sm 

TO 


a = 


a = 


1 

2 

m - 

a(l) 

0(2) ... 

a{m 

1 

2 


a{m) 

a(m — 1) 


1 

2 

m - 

a(l) 

0(2) ... 

a{m 


TO — 1 


TO 


TO 


a = a 



4n + 2 Simple permutations, Pasting and Reversing 


11 


2. Consider u = ■ ■ ■ ,iq-i,iq)- Therefore 

U = (il, tgr, iq—l • ■ ■ , ^2) 
U — (il, ^2 5 ■ ■ • 7 1 Cg) 
U = U 


Thus the theorem is proven. 


□ 


Theorem 2.6 (Associative Property of Pasting). Consider the permutations a G 
Sm, P G Sn, 'y G Sk and 6 = uvw G Sr such that u,v,w are disjoint cycles of 
9 given by u = v = (isj+i,..., w = {is^+i, ■ ■ ■ ,ir), then the 

following statements hold. 

1 . (a I 0/3) I 07 = a I o (/3 | 07) 

2 . (ao I P)o I 7 = ao I (/ 3 o | 7) 

3. {uo v) o w = uo {v o w) 


Proof. We proceed according to each item. 

1. Due to a € Sm, /3 € 7 G 5^, we have 


a I 0/3 = 
(a I 0 / 3 ) I 07 = 


7(1) 


lik) 


1 

a(l) + n . 

1 

a(l) + n + k ... a{m) + n + k , 0 ( 1 ) + k ... 


TO + n + 1 ... TO + n + fc 


TO TO + 1 ... TO + n 

a{m) + n ,0(1) ... /3(n) 

TO TO + 1 


TO + n 

/3(n) + k 


On the other hand 


/3 I 07 = 
a I o(/3 I 07 ) = 


1 


n + 1 


n + k 


P{1) + k ... P{n) + k 7 ( 1 ) ... 7 (A:) 


1 


y «(!) + n ■ 
TO + n + 1 

7(1) 


TO TO + 1 

a{m) + n + k /3(1) + k .. 


m + n + k 
l{k) 


m + n 
. Pin) + k 


Therefore [a \ o/3) | 07 = a | o(/3 | 07 ). 
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ao\ j3 = 
(ao I /?)o I 7 = 


?„,7 G Sk, 

we have 



1 

m 

m + 1 

m + n 

a(l) ... 

aim) 

/3(l) + m ... 

Pin) + m 

1 

m 

m + 1 

m + n 

a(l) ... 

aim) 

Pil)+m ... 

Pin) + m 

m + n + 1 


m + n + k 

\ 


On the other hand 
/3o I 7 = 

ao I (/3o I 7 ) = 


7 ( 1 ) + m + n 


7 (fc) + TO + n 

f 1 ... 

n 

n + 1 

[Pil) ... 

Pin) 

7 ( 1 )+n ... 


m 

TO + 1 

l^a(l) ... 

a{m) 

Pil) + m .. 

TO + n + 1 


m + n + k 

7 ( 1 ) + TO + n 


^{k) + TO + n 


n + k 


m + n 
Pin) + m 


Therefore (ao | P)o | 7 = ao | (/ 3 o | 7). 

3. Due to u = (ii,... v = (i^i+i, • ■ ■ ,* 82 ) and w = ■ ■ ■ , A), we have 

uov = (* 1 ,...,isj,...,is 2 ) 

i'll o v) o w (iiis^, isi+i 5 7 is 2 ? ^si+s 2 +i ?■■■ 


On the other hand 

vow (is 2 + l ; • ■ ■ j is 2 Ds 2 + 1 7 ■ • • Dr) 

uo{vow) = (ii,...,isi,isi+i,...,is 2 Ds 2 +i,---Dr) 


Therefore (uo v) o w = uo (v o w). 

Thus, the proof is complete. □ 

The following result corresponds to a sort of non-commutative De Morgan’s 
laws for Pasting and Reversing of Permutations. We will not consider an analogous 
for disjoint cycles of permutations. 

Theorem 2.7 (De Morgan’s laws for Pasting and Reversing of Permutations). 

Consider a € Sm,P € S„, then the following statements hold. 
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a\oj3 = 


':Sm,P& Sr, 

,, we have that 

I 


m 

a(l)+n . 

Q 

(m) + n 

1 

n 

n + I 

Pin) ... 

m 

aim) +: 

1 

n 

)^'(« 

Pin) ... 

m 

1 

n 

1 ( al 

Pil) ... 

Pin) 


m + 1 ... m + n 
/3(1) ... /3(n) 


m 


m 


m 

a(m) 


m + n 


In a similar way, 
ao \ (3 = 


1 ... m m+1 ... m + n 

a(l) ... a{m) /3{l)+m ... j3{n) + m 

1 ... n n +1 . 

P(n) + m ... /3(1) + 77i q;(77i) 


1 ... n 

I3{n) ... /3(1) 

1 ... n 

/3(1) ... /3{n) 

P I o5 


1 

a{m) 

1 


a 


( 1 ) ... 


m + n 
.. a(l) 

m 

a{l) 

m 

a(m) 


Completing the proof. 


□ 


3. Genealogy of Simple Permutations 

To start a genealogy, we need predecessors and successors of a member of the 
family. Is natural to see that any element in a genealogy has only one immediate 
predecessor, but not necessarily it has one immediate successor, as for example 
any people can have only one father but more than one son. Now, the genealogy 
of a member of the family is the tree that begin with the first predecessor and 
include such member with their successors. When the time tends to infinity, the 
number of predecessors of such member is finite, while its number of successors is 
not finite. These rules can apply for simple permutations too, up to special cases. 
The following definitions are in agreement with the ideas presented in HHI]. 
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Definition 3.1 (Predecessors and Successors of Simple Permutations). Given three 
simple permutations 9k G Sk, Om & Sm and On G Sn, we say that On is an imme¬ 
diate predecessor of Om (denoted by On -< Om) and Ok is an immediate successor of 
Ojn (denoted by Om ^ Ok) whether they satisfy each one of the following conditions: 

1. k < m < n, 

2. Ok Om On (rcsp. On Om Ok), 

3. k <\m<]n (resp. n <i m <i k), 

4. k,m,n (resp. n,m,k) are consecutive integers in the Sharkovskii order. 

The first predecessor of Om is the simple permutation that has not immediate suc¬ 
cessor in a chain of immediate predecessors that ends with Om- A j-th successor 
(resp. predecessor) of Om is the simple permutation placed in the position j’ + 1 
(resp. 1) in a chain containing j immediate suecessors (resp. predecessors) of Om 
starting (resp. ending) with itself. The simple permutation 0 is a predecessor (resp. 
successor) of Om whether there is a finite chain of immediate predecessors (resp. 
suceesors) between 0 and Om (resp. Om o-nd 9). 


According to Definition 3.1 if 0 is of odd order (resp. power of two), their 
predecessors an successors also will be of odd order (resp. power of two). Therefore, 
predecessors and successors for simple permutations with mixed order depend on 
the required block on the middle tail in the Sharkovskii ordering. That is, for s 
fixed, we can get predecessors and successors of a simple permutation with order 
2®(2fc + 1). In [2] was introduced the concept Genealogy to describe the tree of 
predecessors and successors of simple permutations with order a power of two. In 
general, we have the following definition. 


Definition 3.2 (Genealogy of Simple Permutations). Let 9 be a simple permutation. 
The tree formed by all predecessors and all successors of 0 is called the genealogy 
of 0. A branch of the genealogy of 9 is a chain which includes predecessors and sue¬ 
cessors of 0, but starting with the first predecessor of 0 and any simple permutation 
has only one immediate successor. 


We illustrate the previous definitions with the following example. 

Example (Stefan Orbits). The genealogy of permutations with odd order is 

f as ^ 05 ^ ^ 02 n-l ^ • 

\ Ps ^ 1^5 ^ ^ P2n-1 ^ ■ 

This genealogy, which has not the first predecessor, has two isolated branches 

C«3 ^ 0^5 ^ ^ a 2 n-l -< ■ ■ ■ and Pz -< ■ ■ ■ < P2n-1 -< ■ ■ ■ 

with first predecessors 03 and P^ respectively. We see that immediate successors 
of elements belonging to Sim(2k — 1) are elements belonging to Sim{2k + 1) 
and immediate predecessors of elements belonging to Sim{2k — 1) are elements of 
Sim{2k — 3). Finally, we observe that 0 < (j) implies that 0 <\(j), where 0 and p are 
simple permutations with odd order. 
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The next aim is to illustrate the genealogy for simple permutations with order 
a power of two, which has been described by Bernhardt m through transpositions 
and by Acosta-Humanez [2] through Pasting and Reversing. The following has been 
adapted from El- 


Definition 3.3. If 0 G 5'im(2") then 9* G 5'2>i+i and 0* G 82 ^- 1 , are defined by 


9* { 2 k) 

94k) 


29{k), 9*{2k-l) = 29{k)-l, 
i(d(2fc) + l) 


where [xj is the greatest integer less than or equal to x. 

We consider the transposition and the permutation given by 

2 s- 1 2s \ _/l23... n-ln\ 

y 2s 2s - 1 y ’ ■“ V 1 2 3 ... n - 1 n ) ’ 


By Pk o Pm we denote the composition of transpositions pk and ps- The following 
theorem, see m, states the existence of predecessors and successors of a given 
simple permutation with order a power of two and a way to obtain them. 

Theorem 3.4 (Bernhardt, [H]). Consider rj G 8im(2"~^^), 9 G 5'im(2”), G 
Sim(2"~^). If f] < 9 <3 (j), then ^ 9 ^ rj, rj = 9* o p^^ o ■ ■ ■ o and (j) = 9^. 

The following theorem, due to the first author in [2] , shows a way to construct 
the same genealogy by using Pasting and Reversing. It is an important result 
because it is the first use of Pasting and Reversing in combinatorial dynamics. 

Theorem 3.5 (Acosta-Humanez, [2]). Consider n = 2^+^, k G Z, 9i = (pi = (1), 
9n and <pn permutations as follows: 

9n = e^\o9^, (3.1) 

pn = ^\o(p^■ (3.2) 

The following statements hold. 

1 . (pn = (p^o I e|, 

2. 9n, pn G Sim{n), 

3. 9n ~< 9n 92n, 

4. ^ pn < p2n, 

5. ( 6 » 2 n)* =9n = ( 6 * 5 )* O p^, 

6 - {p2n)*. — Pn — {P^ ) ^ Pi ■ • ■ P ^4 ■ 

7. Let u and v be disjoint cycles of (0„)*. The permutation (0„)* = uv if and 
only if ( 6 » 2 „) =uov. 

8 . Let p and q be disjoint cycles of (pn)* ■ The permutation (pn)* = pq if and 
only if exists r] 2 n G Sim{2n), being r] 2 n 4 p 2 n, such that ri 2 n = po q. 

9. (p = (9n o p4 o ((y„ o pj),\/(p G Sim(n), where pk and pj are compositions of 
odd length transpositions, 
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10. I G Sim(n). 

According to Theorem |3.5| we can construct in an explicit way two branches 
of the genealogy of simple permutations with order a power of two, which has the 
first predecessor [1) = (j)i = 9i. This means that the genealogy starts with (1) and 
any branch of the genealogy must include it as the first predecessor. Furthermore, 
we see that ii cj) ^ 9 ^ rj, then r] <l 9 <i (j), which is different to the case of simple 
permutations with odd order, such as we see in the following example. 

Example (Branches 02'= <(> 2 fc). The branch 02'= writing as cycles is 

(1) ^ (1,2) ^ (1,3,2,4) ^ (1,5,3,7,2,6,4,8) ^ 

(1,9,5,13,3,11, 7,15,2,10,6,14,4,12,8,16) ^ • 

The branch (j) 2 k writing as cycles is 

(1) ^ (1,2) ^ (1,4,2,3) ^ (1,8,4,5,2,7,3,6) ^ 

(1,16,8,9,4,13,5,12,2,15,7,10,3,14,6,11) ^ • 

Theorem |3.5| and the genealogy of simple permutations with odd order in¬ 
spired the next section, genealogy of simple permutations with mixed order 4n -|- 2 
(mixed order (2n -|- 1)2® with s = 1 and n > 0), which contains the main results 
and a lot of examples of this paper. 


4. Main Results 

According to the previous section, immediate successors of elements belonging to 
Sim(4n — 2) are elements of Sim{‘in -I- 2) and immediate predecessors of elements 
belonging to Sim{in + 2) are elements of Sim{An — 2). In this section we determine 
some branches of the genealogy of simple permutations with mixed order 4n -|- 2 
as well the complete the explicit forms of Sim{6) and S'im(lO). 

4.1. Genealogy in Sim{An + 2) 

The following theorems correspond to our main results. 

Theorem 4.1. If 9 G Sim{An + 2), its genealogy has only four branches and the 
number of members of its genealogy until itself is 8n -|- 4. 

Proof. As 9 is simple, 9 [P {An + 2, 2,j)] = P (4n -|- 2, 2, cr (j)), where cr = (1, 2), it 
implies that the first element of those simple permutations has to be greater than 
2n + 1. Now, 9^ restricted to P {An + 2, 2,j) is simple for all j = 1, 2. Therefore, 
9{1) = k, with k = 2n + 2,... ,An + 2. For instance, there exist 4 simple permu¬ 
tations with order 2n + 1 in the restriction of 9^, that is, the genealogy of 9 has 
four branches. On the other hand, the first element of a simple permutation in 
this order has to be taken from {2n -I- 2, 2n -I- 3,..., 4n -|- 2} in order to accomplish 
the conditions 3.a and 3.b in Definition |1.10[ Thus, there are 2n -|- 1 ways to ob¬ 
tain a simple permutation associated to each one of the 4 possible 9^. It means. 
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8n + 4 simple permutations with order 4n + 2, which corresponds to the number 
of members of its genealogy until itself. □ 


Theorem 4.2. Consider the two branches of the genealogy of simple permutations 
with odd order a 2 n+i and /32n+i given in Definition Consider the set 

tp := {6>4r!,+2j </'4n+2) ??4ra+2)'^4n+2} C S^n+l 

where the permutations are defined as follows: 


04n+2 

— 0277+1 

06277+1, 

(4.1) 

)7477+2 

= 6277+1 

00277+1, 

(4.2) 

<^4t7+2 

= /3277+1 

1 06277+1, 

(4.3) 

+477 + 2 

:= 6277+1 

0,0277+1- 

(4.4) 


The following statements hold. 

1- ^4n+2 ~ ''?4n+2 “ 0'2n+l'^ \ 0!2n+l, 'p4n+2 ~ T’4n+2 ~ fi2n+l'^ \ fi2n+l! 

2. fp C Sim{4n + 2), 

3. 04n-2 ^ 04n+2 ~< fi*4n+6) 4'4n-2 -< 4>4n+2 -< 4>4n+6f ^4n-2 ^ ??4n+2 ^ ??4ra+6j 
T4n-2 ~< T4n+2 ~< Tin+G- 


Proof. We proceed according to each item. 

1. Due to 04 n +2 = 0:2n+l I <>S2n+l ^ 'S' 4 n +2 and P4n+2 = 6271+1 I OQ; 2 n+l € S' 4 „+ 2 , 


we have that 


<a2n+i(l) + 2n + 1 


and 


f]4n+2 — 


1 

2n + 2 


Owing to a 2 n+i = (1, 2n 


2n + 1 2n + 2 ... 4n + 2 \ 

... 0^277+1 (2n 4- 1) -j- 271 4-1 1 ... 2ti 4“ 1 J 

271 4- 1 271 4- 2 ... 4n 4- 2 \ 

471 4-2 a27i+i(l) Q;277 +i(271 4-1) J 

4- 1, 714- 1, 71,714- 2,71 — 1, 714- 3, ..., 2, 2n), therefore 


^*477+2 — 


1 2 
471 4- 2 471 4- 1 


and 

- f ^ 2 

271 + 2 271 + 3 


2n 

2)1 + 1 2)1 + 2 

2)1 + 2 

3)1 + 2 1 


2)1 + 1 

2)1 + 2 

27z -|- 3 

4)1 + 2 

2)1 + 1 

2n 


We see that 02n+i = vin+i- Moreover, 


471 + 1 471 + 2 \ 

2n 2n + 1 J 

471 + 1 471 + 2 \ 

1 71 + 1 y ■ 


7)2 

'^4n+2 


/ 1 2 ... 2n 271 + 1 271 + 2 27i + 3 

271 + 1 2n ... 1 71+1 471 + 2 471 + 1 


471 + 1 4n + 2 
271 + 2 3)1 + 2 


/ 1 ... 2n +1 ^ I 1 ■ • ■ 271 + 1 

(+277+1 (1) ... (+277+1 (271 + 1) J ' a27i+i(l) ... a277+i(27i +1) 

a2r7+lO I 0277+1 
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Thus, we proved that O^n+i = vin+i = ct 2 n+iO | <a 2 n+i- Now, assuming 
r = 2n + 1 and due to 4>2r = Pr \ osr G S 2 r, <P 2 r = Br I o/3r S S 2 r, we have 
that 


4>2r — 


1 ... r r + 1... 2r 

/3r(l)+r ... /3r(r)+r 1 ... r 


and 


V?2r — 


1 ... r r + 1 ... 2r 

r + l ... 2r /3r(l) fir{r) 


Owing to /3r = (1, ..., 2, r), we obtain 

, 1 ... r r+1... 2r 

02r = ( ... r+1 1 ... r 


and 


1 


r + 1 ... 2r 


r r + 1 ... 2r 

. . 1 


+2r — 

and proceeding as for the previous case, we have 


i>lr 


and 


+2r = 


1 

2 

r 

r + 1 

r + 2 

2r 

/3r(l) 

/3r(2) .. 

■ Prir) 

Pr{Pj + r /3r(2) + r ... 

/3r(r) + r 

1 

2 

n 

\ / 1 

2 

r \ 

/3.(1) 

•O 1 

/3r(2) .. 

■ Pv{r) 

;" 1V /3.(i) /^^(2) • ■ ■ 

Pr{r) ) 

1 

2 

r 

r + 1 

r + 2 

2r 

/3r(l) 

/3r-(2) .. 

■ Pr{r) 

/3r(l)+r /3r(2)+r ... 

/3r(r) + r 


i>lr 


— I (^r 

2. By previous item we have that 04 „+ 2 , ri 4 n+ 2 , </' 4 n +2 and + 4 n +2 are (4n + 2)- 
cycles, thus, ^ C€ C' 4 „+ 2 . Now, we will see that 04 n+ 2 , ?? 4 ra+ 2 , 4>in+2 and 


+ 4 n +2 satisfy 3 in Definition 1.10 We start looking condition 3.a, thus we 
have that 


— ^4n+2{l) 2,..., 2n, 2n + 1} 

= {<a2n+i(l) + 2n + 1 ,... , a2n+i(2n + 1) + 2n + 1} 

= {2n + 2, 2n + 3,..., 4n + 1,4n + 2} 

= P(10,2,2) 

= P(10,2,a(l)) 


04n+2 [P (4n + 2, 2,1)] 
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04 n +2 [P (4n + 2,2,2)j 


^4n+2{2n + 1, 2n + 2,..., 4n + 1, 4n + 2} 

{e2n+i(l), e2n+i(2),..., e2n+i(2n), e2n+i(2n + 1)} 
{1, 2,..., 2n, 2n + 1} 

P (10, 2,1) 

P (10, 2, a (2)) 


Now, we see whether 04„+2 satisfies the condition 3.b in Definition 1.10 
By the previous item we have that. 


0L+2 [P(4n + 2,2,1)] 


a 2 n+i{l, 2 ,..., 2 n, 2n + 1} 
{<a2n+l(l), • ■ ■ , Cl2n+l(2n + 1)} 
{ 1 , 2 ,..., 2n, 2n + 1 } 

P(4n + 2,2,1) 


C +2 [P(4n + 2,2,2)] 


^4nH-2{^^ 4” ^5 + 3,..., 4ti + 1,4n + 2} 

{cK 2 n+i(l) + 2n + 1,..., a 2 n+i( 2 'n + 1) + 2n + 1} 

{2n -j~ 2, 2n -t- 3,..., 4Ti -\~ 1,47i -t- 2} 

P(4n + 2,2,2) 


For instance, 6 > 4„+2 restricted to P(4n + 2,2,j), being j = 1,2, is Q! 2 n+i, 
which is simple. Thus, we proved that 04„+2 £ Sim{4n + 2). 

Similarly for r 74 „+ 2 , we start condition 3.a, thus we have that 


V4:n+2 [P (4n + 2,2,1)] 


?74n+2{l,2, ...,2n, 2n + l} 

{<a 2 n+i(l) + 2n + 1 , ..., a 2 n+i( 2 n + 1 ) + 2n + 1 } 
{2n + 2, 2n + 3,. .., 4n + 1,4n + 2} 

P(10,2,2) 

P (10, 2,0(1)) 


mn +2 [p (4n + 2, 2,2)] 


^4n+2{2n + 1, 2ti F 2,..., 47i + 1, 4ti + 2} 

{e2n+i(l), e2n+i(2),..., e2n+i(2n), e2n+i(2n + 1)} 

{ 1 , 2 ,..., 2 n, 2n + 1 } 

P(10,2,l) 

P (10, 2,0(2)) 


Now, we see that r] 4 n +2 satisfies the condition 3.b in Definition 1.10 


because, by the previous item, %n +2 — ^ 4 n+ 2 - Thus, we proved that ? 74„+2 € 
Sim{4n + 2). 
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The following step is the analysis of 4>in+2- We start looking condition 
3.a in Definition |1.10[ thus we have that 


4‘in+2 [P (du + 2, 2, 1)] 


(/) 4 n+ 2 {l, 2 ,..., 2 n, 2n + l} 

{/32rt+i (1) + 2n + 1, ..., /32n+i (2n + 1) + 2n + 1} 
{2n + 2, 2n + 3,..., 4n + 1,4n + 2} 

P(10,2,2) 

P(10,2,a(l)) 


4>4n+2 [P (4n + 2, 2,2)] 


'5^4n+2{2n. + 1,2 n + 2 , ..., An + 1,4n + 2 } 
{e2n+i(l), e2n+i(2),..., e2n+i(2n), e2n+i(2n + 1)} 
{1,2,..., 2n, 2 n + 1} 

P (10, 2,1) 

P(10,2,a(2)) 


Now, we see whether (j>in +2 satisfies the condition 3.b in Definition 1.10 
By the previous item we have that. 


^ln+2 [P(4n + 2,2,1)] 


/? 2 n+i{l, 2 ,... ,2n, 2n + 1} 
{/32n+l(l), ■ ■ ■ , /32n+l(2n + 1)} 

{1, 2,..., 2u, 2 tl + 1} 

P(4n + 2,2,1) 


<('L+2 [P(4n + 2,2,2)] 


(/^4^_i_2{2u + 2, 2ti + 3,..., Atl + 1,477- + 2} 
{/32ti+i( 1) + 2n + 1,..., /32n+i(2n + 1) + 2n + 1} 
{2n + 2, 2n + 3,..., 4n + 1,4n + 2} 

P(4n + 2,2,2) 


For instance, the restriction of <t)in +2 to P (4u + 2, 2, j), being j = 1,2, is 
P 2 n+i, which is simple. Thus, we proved that 4 ‘An+2 S Sim{4n + 2). 

Finally, we analyse to ^ 4 n+ 2 - We start looking condition 3.a, thus we 
have that 


— 9^4n+2{l5 2,. . . , 2fl, 2ti 1} 

= {/52n+i (1) + 2n + 1,..., (32n+i (2« + 1) + 2n + 1} 

= {2?r T 2, 271 4- 3,..., 471 -t-1,471 -t- 2{ 

= i"(10,2,2) 

= P(10,2,a(l)) 


‘P4n+2 [P (471 + 2, 2, 1)] 
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(p 4 n +2 [-P (4n + 2,2,2)] 


i^4„+2{2n + 1, 2n + 2,..., 4n + 1,4n + 2} 

{e2n+i(l), e2ra+i(2),..., e2n+i(2n), e2n+i(2n + 1)} 

{1,2,..., 2n, 2n + 1} 

P (10, 2,1) 

P (10, 2,^7 (2)) 


Now, we see that v^ 4 n +2 satisfies the condition 3.b in Definition 1.10 
because, by the previous item, <^ 4„+2 = 4'‘ln+2 ■ Thus, we proved that ip 4 n +2 € 
Sim{4n + 2). In conclusion, ip C Sim^An + 2). 

3. By Sharkovskii’s order we have that 


4n — 2 <1 04„+2 <1 6*4n+6) 

4>4n-2 <1 4>4n+2 < 4>4n+6 7 
V4n—2 ^ ^4n+2 ^ ^4n+6; 

'P4n-2 <1 ‘P4n+2 < ‘P4n+6- 

On the other hand, due to *P C Sim{An + 2), 4n — 2 < 4n + 2 < 4n + 6 and 
there is not intermediate elements in 4n — 2 <l 4n + 2 <l 4n + 6, we obtain 

04n-2 -< 04n+2 -< 04n+6, 4>4n-2 -< 4>4n+2 < </>4n+6i ??4n-2 ^ f?4n+2 ^ ??4n+6; 
‘^4n-2 < ^4n+2 < <P4n+6- 

□ 


To illustrate the previous theorems, we introduce the following examples. 
Example. The permutations 


and 


06 = 03 I 063 


4’G — h \ 063 


77 = 63 I 003 


1 2 3 4 5 6 \ 

6 4 5 1 2 3 J ’ 

1 2 3 4 5 6 \ 

5 6 4 1 2 3 j ’ 

1 2 3 4 5 6 \ 

4 5 6 3 1 2 y) 


= 63 I 0^3 


1 2 3 4 5 6 \ 

4 5 6 2 3 1 y) 


are simple permutations of order 6. 

Example. The branches 04 „+ 2 , <p 4 n+ 2 , il 4 n +2 and (p 4 n +2 of the genealogy associated 
to Sim(An + 2) are respectively: 

(1.6.3.5.2.4) ^ (1,10,5,8,3,7,2,9,4,6) 

(1.5.2.6.3.4) ^ (1,8,3,9,4,7,2,10,5,6) ^ ••• 

(1.4.3.6.2.5) ^(l,6,5,10,3,8,2,7,4,9)^••• 

(1.4.2.5.3.6) ^ (1,6,3,8,4,9,2,7,5,10) ^ 
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4.2. Permutations belonging to Sim{6) and Sim{10) 


Here we use Pasting operation and simple permutations of odd order to construct 
simple permutations with order 6 and 10. Definition |1. 10 allows to suggest a way 
to construct simple permutations 6 taking as reference 9^ and its relation with a 
and/or f3. We illustrate this in the following example. 


Example. Consider 03 , /I 3 and a = (1, 2). Let 9 be the permutation 


We see that 


/ 1 2 3 4 5 6 \ 

6 5 4 1 3 2 j- 


9 [P {6,2,1)] = 0[{1,2,3}] = {6,5,4} = {4,5,6} = P(6,2,(t(1))=P(6,2,2) 
9 [P {6,2,2)] = 9 {{4,5,6}] = {1,3,2} = {1,2,3} = P {6,2, a {2)) =P {6,2,1) 


Now, owing to 


0" 


1 2 3 4 5 6 \ „ , 

2 3 1 6 4 5 j =/33o|«3 


we see that 9^ restricted to P ( 6 , 2, 1) and P ( 6 , 2, 2) are simple permutations {a^ 
or P^). For instance, 9 G Sim{ 6 ). We can recover 9 throughout 9^ using right 
pasting. 


The previous example gives a motivation to find the complete set of simple 
permutations with mixed order 6 and 10, using right Pasting. From now on we 
denote by a the transposition (1,2), that is, cr = (1,2). According to Theorem 

|4.1[ there are 12 simple permutations of order 6 in 4 branches, each one of these 

branches correspond to 9^ by right Pasting of as and /3s as follows: 

1. Consider a = as and 9aa such that 9^^ = ao ] a, i.e., 

2 ^ / 1 2 3 4 5 6 \ 

““ 3 1 2 6 4 5 y ’ 


which give us the following options for 0 q,„. 


_/l23456\ 

“ 1 ^ 645123 ^ 

_/l23456\ 
“ l^564231y) 

_/l23456\ 

““4 “ 1 ^ 456312 ^ 

For z = 4, 5 ,6 we have 


[P(6,2,l)] 


[{1,2,3}] 
{4,5,6} 
P(6,2,a(l)) 
P {6,2,2) 
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0„„,[P(6,2,2)] = dao.[{4,5,6}] 

= {1,2,3} 

= P(6,2,a(2)) 

= ^"( 6 , 2 , 1 ) 

Furthermore, restricted to P (6,2,1) and P (6,2,2) is as, which is simple. 
For instance {9aai : 4 < z < 6} C Sim{6). 

2. Consider j3 = Pz and Opp such that = j3o\ j3, i.e., 

2 ^ / 1 2 3 4 5 6 \ 

2 3 1 5 6 4 y ’ 


which give us the following options for 


0 , 3/34 

0,3/35 

0/3/36 


/ 1 2 3 4 5 6 \ 

4 5 6 2 3 1 y 

/ 1 2 3 4 5 6 \ 

5 6 4 1 2 3 y 

/ 1 2 3 4 5 6 \ 

6 4 5 3 1 2 j 


For z = 4, 5,6 we have 

0^^,[P(6,2,1)] = 0^/3, [{1,2,3}] 

= {4,5,6} 

= P(6,2,a(l)) 

= ^"( 6 , 2 , 2 ) 


0^^,[P(6,2,2)] = 0^/3, [{4, 5,6}] 

= {1,2,3} 

= P(6,2,a(2)) 

= ^"( 6 , 2 , 1 ) 

Furthermore, 0|^j restricted to P (6, 2,1) and P (6, 2, 2) is (3z, which is simple. 
For instance {0,3/3/ : 4 < z < 6} C Sim{6). 

3. Consider a = (i = h and 0^^ such that 0^^ = ao | /3, i.e., 

2 ^ / 1 2 3 4 5 6 \ 

3 1 2 5 6 4 y ■ 
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Thus, we have the following options for Oa/ 3 - 


^a/54 


^a/55 


^a/56 


For i = 4, 5 ,6 


/ 1 2 3 4 5 6 \ 

4 6 5 3 1 2 j 

/ 1 2 3 4 5 6 \ 

5 4 6 1 3 2 j 

/ 1 2 3 4 5 6 \ 

6 5 4 2 1 3 y 


[P ( 6 ,2,1)] 


e^0i [{1,2,3}] 
{4,5,6} 
P( 6 , 2 ,a(l)) 
P( 6 , 2 , 2 ) 


0„^,[P(6,2,2)] = 0a;3i [{4, 5, 6 }] 

= {1,2,3} 

= P(6,2,a(2)) 

= ^"(6,2,1) 

Furthermore, 0^^. restricted to P( 6 , 2,1) and P( 6 , 2,2) is either 03 or /? 3 , 
which are simple. For instance { 0 Q/ 3 i : 4 < i < 6 } C Sim{ 6 ). 

4. Consider a = a^, P = P 3 and 9pa such that = /?o | a, i.e., 

2 ^ / 1 2 3 4 5 6 \ 

9°‘ 2 3 1 6 4 5 y ■ 

Thus, we have the following options for 9^^ 


^ (HaA 

9f3ab 
9 f3a& 

For i = 4, 5 ,6 we have 


/ 1 2 3 4 5 6 \ 

4 6 5 2 1 3 y 

/ 1 2 3 4 5 6 \ 

5 4 6 3 2 1 J 

/ 1 2 3 4 5 6 \ 

6 5 4 1 3 2 j 


0;3a^ [i"(6,2,l)] 


0po.^ [{1,2,3}] 
{4,5,6} 
P( 6 , 2 ,a(l)) 
P( 6 , 2 , 2 ) 
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[P (6,2,2)] 


[{4, 5, 6}] 
{1,2,3} 
P(6,2,a(2)) 
P(6,2,l) 


Furthermore, restricted to P(6, 2,1) and P(6, 2,2) is either a^, or /?3, 
which are simple. For instance {Opai : 4 < t < 6} C Sim{6). 

For all of these simple permutations 6, 0(1) will be 4, 5 or 6. In general, if 
9 G Sim{4n + 2), then 0(1) takes values between 2n + 2 and 4n + 2. 

Following the previous procedure, it is possible to construct 20 simple per¬ 
mutations of order 10, according to each one of the four branches of the genealogy 
associated to Sim{10). Each branch corresponds to 0^ by right Pasting of as and 
/Ss as follows: 

1. Consider a = as and 9aa such that 0^^ = ao | a. Thus, we have 


2^/ 1 2 3 4 5 
““ 5 4 2 1 3 

and the possible options for 9aa are 

0 ^{1234 

6 7 8 9 

0 ^ / 1 2 3 4 

7 10 6 8 

0 ^ M 2 3 4 

8 6 9 10 

0 _ f 1 2 3 4 

9 8 10 7 

0 _ M 2 3 4 

““1° 10 9 7 6 

For t = 6, 7,8, 9,10 we have 


6 7 8 9 10 \ 
10 9 7 6 8 ) 


5 6 7 8 9 10 \ 

10 5 4 2 1 3 J 

5 6 7 8 9 10 \ 

9 2 5 1 3 4 ) 

5 6 7 8 9 10 \ 

7 4 3 5 2 1 ) 

5 6 7 8 9 10 \ 

6 3 1 4 5 2 ) 

5 6 7 8 9 10 \ 

8 1 2 3 4 5 ) 


0„„, [P (10,2,1)] 


0 „„, [{ 1 , 2 , 3 , 4 , 5 }] 
{6,7,8,9,10} 
P(10,2,a(l)) 
P(10,2,2) 


= 0aa*[{6,7,8,9,lO}] 
= {1,2,3,4,5} 

= P (10, 2a (2)) 

= P (10, 2,1) 


0„„, [P(10,2,2)] 
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Furthermore, restricted to P (10, 2,1) and P(10, 2, 2) is as, which is 
simple. For instance {Bad : 6 < i < 10} C 51771(10). 

2. Consider (3 = and = /3o | /3 , that is, 

2_/123456 7 89 10 \ 

- (^354218 10 97 6 ) ' 

The possible options for 0^/3 are 


Bp/36 

0pp7 

0 / 3/38 

0 / 3/39 

0 / 3/310 


/1234 5 6789 10 \ 

1^6789 10 3542 1 ) 

/12 3 456789 10 \ 

1^78 10 692351 4 ) 

f 1 2 3456789 10 \ 

1^8 10 9761234 5 ) 

f 1 2 3 4 56789 10 \ 

1^967 10 85413 2 J 

f 1 23456789 10 \ 

10 96874125 3 ) 


For 7 = 4, 5,6 we have 


B^^iiP {10,2,1)] = 0 ^; 3 *[{ 1 , 2 , 3 , 4 , 5 }] 

= {6,7,8,9,10} 

= P(10,2,a(l)) 

= ^"(10,2,2) 


0^^,[P(1O,2,2)] = 0^^ [{6,7,8,9,10}] 

= 11,2,3,4,5} 

= P (10,2, a (2)) 

= ^( 10 , 2 , 1 ) 

Furthermore, 0^^- restricted to P (10, 2,1) and P (10, 2,2) is Ps, which is 
simple. For instance {0/3/3/ : 6 < 7 < 10} C 57m(10). 

3. Consider a = as, /3 = /3s and B^^ = ao\ p. Thus, we have 

2_/123456 7 89 10 \ 

^“/5“l^542 1 38 10 97 6 ) ' 
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The possible options for are 


^a/56 


&aP7 


^a/58 


^a/59 


daPW 


/ 1 2 3 4 5 

6 7 9 10 8 

/ 1 2 3 4 5 

7 8 6 9 10 

(I 2 3 4 5 

8 10 7 6 9 

/ 1 2 3 4 5 

9 6 10 8 7 

( 1 2 3 4 5 

10 9 8 7 6 


6 7 8 9 10 \ 

5 4 3 2 1 ) 

6 7 8 9 10 \ 

2 5 4 1 3 j 

6 7 8 9 10 \ 

1 2 5 3 A ) 

6 7 8 9 10 \ 

4 3 1 5 2 ) 

6 7 8 9 10 \ 

3 1 2 4 5 j 


For t = 6, 7,8, 9,10 we have 


e^pi [P (10,2,1)] 


e^pi [{1,2, 3,4, 5}] 
{6,7,8,9,10} 
P(10,2,a(l)) 
P(10,2,2) 


9^p, [P(10,2,2)] 


e^p [{6,7,8,9,10}] 
{ 1 , 2 , 3 , 4 , 5 } 

P(10,2,a(2)) 

P (10, 2,1) 


Furthermore, restricted to P (10, 2,1) and P (10, 2, 2) is either or /? 5 , 
which are simple. For instance {9api ■ 6 < i < 10} C Sim{10). 

4. Consider a = (3 = (3^ and = (3o\ a. Thus, 

2_/12345 6 789 10 \ 

^^““1^3542 1 10 976 8/ 
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and the possible options for OjSa are 


^/3aG 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

[ 6 

7 

10 

8 

9 

3 

5 

2 

1 

4 


f 1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

&(3a7 = 


10 

9 

6 

8 

2 

3 

1 

4 

5 

^/3a8 ~ 

f 1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 8 

6 

7 

9 

10 

5 

4 

3 

2 

1 


f 1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

[ 9 

8 

6 

10 

7 

4 

1 

5 

3 

2 

O/SalO = 

f 1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 10 

9 

8 

7 

6 

1 

2 

4 

5 

3 


For i = 6,7, 8, 9,10 


[P (10, 2,1)] 


[{1,2, 3,4, 5}] 
{6,7,8,9,10} 
P(10,2,rT(l)) 
P(10,2,2) 


[P(10,2,2)] 


[{6,7,8,9,10}] 
{1,2,3,4,5} 
P(10,2,a(2)) 

P (10, 2,1) 


Furthermore, restricted to P (10, 2,1) and P (10, 2, 2) is either or (3^, 
which are simple. For instance {Op^^i : 6 < * < 10} C S'zm(lO). 


Final Remarks and Open Qnestions 

The paper [T] evidenced the importance of simple permutations with order 4n + 2 
as a particular case of (2n + 1)2® strong orbits in agreement with [10]. However, 
this paper followed the notion of simple orbits in agreement with HD. Keeping 
in mind that Pasting and Reversing operations have been used to describe the 
genealogy of simple permutations with order a power of two in a recursive way 
and the first particular case of mixed order 4n + 2 in a constructive way, the 
use of those operations as a way to describe periodic orbits can lead to a new 
perspective. The following problems are related to this paper and can be source 
of future papers. 

The first problem to be developed from this paper, is the extension of the 
found theorems in order 4n + 2 to the following order 8n + 4 and subsequently to 
the complete “middle tail” of Sharkovskii’s order. We recall that in order 8n + 4 
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there are two permutations a with order a power of two, and it would increase the 
ways to construct simple permutations with mixed order. 

The second problem to be developed is to find the relation between Pasting 
and Reversing of simple permutations with order 4n + 2 and the dynamic of the 
associated primitive functions. Markov graphs shows some facts about this dy¬ 
namic (for example, the existence of non-connected vertices and its relation with 
the existence of some periods, critical points, etc), but what can we say about 
Pasting and Reversing? How can be affected the dynamic whether we use pasting 
and reversing of simple permutations? What happens with Markov graphs and 
primitive functions whether we use pasting and reversing of simple permutations? 
Can we rewrite some results through of pasting of q-cycles? 

Finally, this approach of Pasting and Reversing must be used to study the 
notion of primary orbits introduced by Alseda, Llibre and Misiurewicz, which plays 
the same (and better) role as minimal orbits. In this context, this paper differs 
to the paper of Abdulla et. al. It must be interesting to apply this approach of 
Pasting and Reversing to recover the results concerning to strong simple orbits 
and digraphs. 
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